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The nonlinear decay of continuous-wave magnetostatic surface wave and backward volume wave
signals has been measured for propagation in a narrow 6.9mm thick yttrium–iron–garnet film strip,
with excitation frequencies and wave numbers between 5470 and 5630 MHz and 47 and 216 rad/cm,
respectively. The results show:~1! that the onset of nonlinear damping is a threshold effect, and~2!
that a nonlinear decay model with two damping terms, one linear and one quadratic in the wave
power, are needed to model the measured response. ©2004 American Institute of Physics.
@DOI: 10.1063/1.1699503#

I. INTRODUCTION

The losses associated with high-power spin wave exci-
tations in magnetic systems involve both linear and nonlinear
decay processes. The nonlinear decay is primarily associated
with the parametric generation of spin waves at high-power
levels. Such processes were first treated in the pioneering
work of Suhl and Schloemann on spin wave instability.1,2

More recently, there have been a number of studies on
pulsed and continuous wave~cw! microwave excitations in
ferrite films at high-power levels that demonstrate the gen-
eration of parametric spin waves.3–6 Many of the related
nonlinear wave phenomena of current interest involve para-
metric four-wave interaction processes. These processes can
lead to a variety of effects in yttrium–iron–garnet~YIG!
films such as self-modulational instability,7–11 induced
modulational instability,12–15 decay instability,16 and micro-
wave magnetic envelope solitons.17–19 The above experi-
ments were carried out for a variety of magnetostatic wave
~MSW! configurations and excitations in low loss single-
crystal YIG films. Considered as a whole, these results pro-
vide a qualitative picture of the nonlinear spin waves pro-
duced under high-power pulse and cw excitation.

In spite of the above work, there have been no quantita-
tive measurements or analyses of the increase in the damping
rate of propagating MSW excitations at high-power levels.
Furthermore, recent experimental and theoretical results on
MSW soliton formation in YIG films through nonlinear
mode beating indicate that nonlinear damping plays a critical
role in this process.16,20

The present work was undertaken to provide a detailed
and quantitative experimental and theoretical analysis of
nonlinear damping for high-power MSW excitations. The
specific objectives were threefold:~1! to use cw microwave
excitations to generate high-power MSW signals in a YIG
film delay line structure,~2! to measure the input–output
power response profiles for these signals, and~3! to model

the observed nonlinear response with a power dependent re-
laxation rate. The analysis shows thattwo nonlinear damping
terms are needed to model accurately the measured response,
one which scales with the power and the which scales with
the square of the power.

Section II describes the MSW delay line structure and
the measurement procedures. Section III presents input–
output power response profiles for both surface and back-
ward volume MSW configurations. Section IV summarizes
the nonlinear damping model used for the analysis and gives
example results and fits to the data. Section V provides a
summary and conclusion.

II. DELAY LINE STRUCTURE, MEASUREMENT
PROCEDURES, AND PARAMETERS

The experiments utilized a 6.9mm thick low loss single-
crystal YIG film strip in a two transducer MSW delay line
structure.7,18 The film strip was 3 cm long and 1.4 mm wide.
The transducers consisted of narrow 50mm wide, 2 mm long
microstrip line sections grounded at one end and fed by stan-
dard 50V microstrip lines.

Signals were detected in two ways. The output power
data for the nonlinear damping analysis were obtained from
the delay line output transducer. The low-power calibration
data were obtained with an inductive probe technique.21 The
probe pick up section consisted of a small loop with a lateral
size of about 200mm made with 50mm diameter wire. For
MSW signal detection, the probe was scanned just above the
surface of the film.

For all of the measurements described below, the applied
in-plane magnetic field was set at 1260 Oe to position the
low wave number MSW band edge frequency at 5590 MHz.
This band edge frequency was selected to be high enough to
eliminate complications at high power due to parametric spin
waves at one-half of the pumping frequency.

Data were obtained for two in-plane field orientations,
one with the field perpendicular and one parallel to the longa!Electronic mail: mark.scott@atk.com
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edge of the YIG strip. For the perpendicular case, the propa-
gating MSW signals along the strip correspond to magneto-
static surface wave~MSSW! excitations. For the parallel
case, one has magnetostatic backward volume wave
~MSBVW! excitations. For MSSW excitations, the fre-
quency pass band lies above the band edge, while for MS-
BVW excitations the pass band is below the band edge.

The measurements for each orientation were carried out
in three stages. In Stage I, the low-power dispersion curves
of frequencyv versus wave numberk were obtained. In
Stage II, the low-power decay rates were determined. These
data were obtained with the scanning probe.

Finally, in Stage III, the output versus input power re-
sponse was measured for selected (v,k) operating points on
the dispersion curves for both types of MSW signals. These
data were obtained over the full range of available power
levels and yielded the nonlinear decay response. These Stage
III data were obtained from measurements at the input and
output transducers of the delay line for a transducer spacing
L of 9 mm. Details on the analysis procedure are given be-
low. The data are presented in Sec. III.

For the Stage I measurements, low-power cw power was
applied simultaneously to both the input and the output trans-
ducers at the specified frequency and the scanning probe was
used to measure the standing wave MSW signal amplitude as
a function of position along the strip. Fits to these data gave
the MSW wavelength and wave number in each case with
good accuracy. These data were obtained over portions of the
MSBVW and MSSW bands from 5590 to 5200 MHz and
5590 to 6100 MHz, respectively. Both of these ranges span
wave numbers from approximately 10 to 1000 rad/cm. The
decay data presented below cover only wave numbers up to
approximately 200 rad/cm.

Fits to these data with the well-known Damon–Eshbach
MSSW and MSBVW dispersion formulas22 were used to set
an empirical value for an effective saturation induction
4pMs-eff . With the known film thickness valueSof 6.9 mm,
the independent MSSW and MSBVW fits yielded a nominal
4pMs-eff value of 1,900 G. It is likely that some part of this
somewhat high 4pMs-eff value, relative to the YIG textbook
value of 1,750 G, is due to magnetocrystalline or stress-
induced anisotropy. The dispersion curves were then used to
obtain MSW group velocityvg(v) response functions for the
two configurations.

In the Stage II measurements, further scanning probe
data on the MSW signal spatial decay were obtained with
microwave power applied to the input transducer only. For
these measurements, the operating point frequencies for the
MSSW and MSBVW configurations were set at 5650 MHz
and 5540 MHz, respectively. The corresponding operating
point wave numbers for these frequencies are about 74 rad/
cm.

For each configuration, the low-power linear output
probe signal level was measured as a function of input power
for probe positions at 4 and 8 mm from the input. The rela-
tive separationDz of 4 mm for the two positions was accu-
rate to better than 0.1mm. The slopes of the output versus
input power linear response curves for the two probe points
were then used to obtain the linear decay rate. With these

slopes denoted byS4 and S8 for the 4 and 8 mm probe
positions, respectively, the low-power temporal decay rate
h0 is given byvg ln(S4 /S8)/Dz, wherevg corresponds to the
empirical group velocity.

The above analysis gave a singleh0 value of
(4.431066120) s21 that is consistent with the narrow fer-
romagnetic resonance linewidths found in low loss YIG
films.5 This means that for a frequency change from 5540
MHz to 5650 MHz, or one part in 60 or so, the maximum
change inh0 is less than about one part in 40,000. It is
therefore reasonable to considerh0 as frequency indepen-
dent over the range of operating point~OP! frequencies in
the Stage III measurements. This low-power relaxation rate
will serve as a reference point for the high-power measure-
ments.

In the Stage III measurements, transducer to transducer
data on the output power as a function of the input power
were obtained over the full range of input powers available,
up to about 200 mW. The responses were notably nonlinear
for input powers above about 2 mW. The data were obtained
for four MSSW and MSBVW OP frequencies over the
5630–5710 MHz and 5570–5470 MHz bands, respectively.
These data on the outputline powerPOL as a function of the
input line power PIL were then used to determine:~1! a
power dependent effective relaxation rateheff over the 9 mm
propagation path and~2! the MSW power at the output trans-
ducer,POMSW, as a function of the MSW power at the input
transducer,PIMSW .

A nonlinear response forPIL above about 2 mW means
that thePOL versusPIL profiles should follow an equation of
the form

POL5APILe22heffL/vg, ~1!

whereheff is power dependent and the parameterA is a com-
bined electronic coupling coefficient for the input and output
transducers. These electronic reductions are due to imped-
ance mismatches and coupling losses. TheA parameter is
given bybe2h0L/vg, whereb is the slope of thelinear POL

versusPIL response forlow input power levels. The empiri-
cal A values were frequency dependent. They were on the
order of 0.1 for MSSW signals and 0.01 for MSBVW sig-
nals. Parameter values necessary for data analysis are listed
in Tables I and II. Table I lists OP independent parameters.
Unless otherwise indicated, a given parameter has the same
nominal value for both the MSSW and the MSBVW configu-
rations. Table II gives the four MSSW and MSBVW OP
frequency and wave number values and the corresponding
OP dependent group velocity andA values. In terms of the
above parameters, the effective relaxation rate is given by

heff5
vg

2L
lnS b

POL /PIL
D1h0 . ~2!

As the power increases into the nonlinear response regime
and thePOL /PIL ratio drops belowb, heff moves aboveh0 .
Note thatall parametershere are accessible from experi-
ment.

In order to extract the nonlinear MSW response within
the film, one must analyze thePOL versusPIL data to obtain
the PIMSW andPOMSW powers associated with the MSW sig-
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nals at the input and output, respectively. APOMSW versus
PIMSW representation has two advantages. First, these MSW
powers are independent of the details of the input and output
coupling and, therefore, one may write a simple connection
betweenPIMSW andPOMSW in terms ofheff

POMSW5PIMSWe22heffL/vg. ~3!

Second, these MSW powers can be related directly to the
dynamic magnetizationm at input and output. This conver-
sion will prove to be important for the theoretical compari-
sons in Sec. V.

The input MSW power parameterPIMSW is given by

PIMSW5F~12G2!PIL , ~4!

whereF is a reciprocity/nonreciprocity factor andG denotes
the voltage reflection coefficient at the mismatch between the
input 50V line and the input transducer. TheF factor in Eq.
~4! is equal to unity for nonreciprocal MSSW excitations and
one-half for the reciprocal MSBVW signals. Based on stan-
dard MSW and microstrip analysis techniques, Stancil23 has
developed formulas forG as well as the connection between
PIMSW and the MSW dynamic magnetization amplitude. The
working formulas are given in the Appendix.

The Stage III measurements were carried out for the four
OP frequencies over the low wave number ends of the
MSSW and MSBVW pass bands listed in Table II. For each
point: ~a! POL was obtained forPIL values from about 0.005
mW to 200 mW.~b! The low powerPOL overPIL ratio b and

the relaxation rate parameterh0 were used to determine the
electronic reduction factorA. ~c! The effective relaxation rate
heff was then obtained as a function ofPIL . ~d! POMSW ver-
susPIMSW profiles were obtained.

III. EXPERIMENTAL NONLINEAR DAMPING RESULTS

This section presents the Stage III results in three ways,
~1! as plots of the measuredPOL versusPIL profiles, ~2! as
plots of heff versusPIL , and ~3! as plots ofPOMSW versus
PIMSW . Each format provides its own particular perspective
on the nonlinear response as a function of power.

Figure 1 shows representativePOL versusPIL results.
The graphs in Figs. 1~a! and 1~b! show results for the MSSW
and MSBVW configurations, respectively. The solid points
show the data. The lines connecting the points are a guide for
the eyes only. For each data set in Fig. 1~a!, there are three
response regions. For input powers below about 0.5 mW, the
response is linear. For 0.5 mW,PIL,50 mW or so, there is
a transition region in which thePOL response gradually falls
away from the low-power linear response. Finally, forPIL

.50 mW, POL saturates at some fixed level that decreases
with increasing wave number. Note that for the MSSW ge-

FIG. 1. ~a! and ~b! show the measured delay line output powerPOL as a
function of the line input powerPIL for the MSSW and MSBVW configu-
rations, respectively. The applicable operating point wave numberk value
for each data set is as indicated.

TABLE I. Summary of thin film and delay line parameters.

Fitted effective saturation inductionBs 1900 G
Gyromagnetic constantg 2.8 MHz/Oe
Film thicknessS 6.9 mm
Film width W 1.4 mm
Transducer widthw 50 mm
Transducer length, 2 mm
Transducer separationL 9 mm
Nominal static applied magnetic fieldH 1260 Oe
Zero-wave number band edge frequencyvB/2p 5590 MHz
Low-power relaxation rateh0 4.43106 s21

Input line reflection coefficientG 0.156~MSSW!
0.528~MSBVW!

Power amplitude to MSW power ratiouuu2/PIMSW 1.38431024 l/mW ~MSSW!
2.08631024 l/mW ~MSBVW!

TABLE II. Tabulation of operating point specific parameters needed for the
data analysis and theoretical comparisons.

Configuration

Frequency
v/2p

~MHz!

Wave number
k

~rad/cm!

Group velocity
vg

~cm/ms!

Electronic
coupling

coefficient
A31023

MSSW 5630 47 5.107 69.556
5650 72 4.916 78.077
5670 99 4.719 74.186
5710 154 4.344 122.229

MSBVW 5570 35 3.597 7.676
5550 72 3.551 3.581
5490 179 3.417 0.691
5470 216 3.372 0.335
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ometry, (12G2) is about 0.98, and the actualPIMSW input
power is only 2% or so down fromPIL .

The data in Fig. 1~b! show a linear region at very low
powers followed by a gradual fall off from the linear re-
sponse forPIL.0.5 mW or so, but saturation is not achieved
at the highest powers. For the MSBVW configuration,F(1
2G2) is about 0.36, so that the MSW input powerPIMSW

into the film is down by 28% from the input line power.
Because of this reduction, one cannot drive the MSBVW
signal to the same nonlinear levels as obtained in the MSSW
case.

At first glance, one might think that Fig. 1 shows a
simple saturation effect. Theheff results show, however, that
the data are much richer than this. By way of example, Fig.
2 shows the extractedheff versusPIL response for thek
547 rad/cm data from Fig. 1~a!. Data are shown only forPIL

values above about 0.3 mW. Below this limit, a low level
background signal at the output gives an anomalousPOL /PIL

ratio that almost doubles asPOL drops down to the low-
power limit of the actual measurements at 0.005 mW. The
main graph shows theheff versusPIL response with the same
horizontal power scale as in Fig. 1~a!. The inset shows the
response on expanded horizontal and vertical scales.

The main graph shows the increase in the effective
damping as the input power is increased from the low-power
limit value at heff5h0. As is evident from Eq.~2!, the heff

versusPIL response will never saturate. The expanded scale
data in the inset demonstrates the threshold nature of the
nonlinear response, an aspect of the results not directly evi-
dent from the Fig. 1 data or the main graph in Fig. 2. While
heff is constant at the low-power value forPIL less than
about 1.5 mW, there is a rather abrupt increase in thePIL

range from 1.5 to 2.5 mW.
The inset data demonstrate very clearly that the response

here is more than a manifestation of saturation or limiter
action. The fact that the relaxation rate sticks at the low-
power level for a nonzero range of input power and then
increases somewhat abruptly shows that this is an inherent
nonlinear threshold process.

Figure 3 shows the entire ensemble of results on output
MSW power POMSW versus input MSW powerPIMSW ob-
tained from the line power data in Fig. 1. The displays follow
the same format as Fig. 1; the top and bottom panels are for
the MSSW and MSBVW configurations, respectively, and

each panel shows response profiles for the appropriate OP
frequencies in Table II.

The shapes of the MSW power profiles in Fig. 3 are
similar to the line power profiles in Fig. 1, but with two
critical differences. First, the data show that the ranges of
PIMSW values for the measurements of Figs. 3~a! and 3~b! are
quite different. This follows from the very different values of
the F(12G2) values for the MSSW and MSBVW configu-
rations discussed above. The ability to achieve saturation in
the MSSW case proves to be quite useful. Section V will
show that fits to the saturated MSSW data require the use of
two nonlinear damping terms, one that scales with the instan-
taneous MSW power and one that scales with the square of
this power. The lack of saturation in the MSBVW case pre-
cludes access to the second term.

Second, the ordering of the output power levels at the
highest input powers for the different MSSW wave number
operating points is preserved between Figs. 1~a! and 3~a!,
while it is inverted for the corresponding MSBVW results in
the graphs of Figs. 1~b! and 3~b!. This inversion is due pri-
marily to the very weak dependence of the group velocity on
wave number for the MSBVW excitations relative to the
MSSW dependence.

IV. NONLINEAR DAMPING ANALYSIS

The key assumption for this section is that parametric
spin wave processes are responsible for the nonlinear damp-
ing responses documented in Sec. III. Such processes are
known to: ~1! show a threshold effect and~2! commence at
very low microwave powers for single crystal YIG materials.
The results in Fig. 2 show these same characteristics. Mea-
surements of the output power versus frequency spectra in
the high-power saturation regime suggest that the primary
mechanism responsible for nonlinear damping is a decay in-
stability process.

The starting point for the analysis is the Landau-
Ginzburg ~LG! equation used extensively in nonlinear
optics.24 For the steady-state cw amplitude decay problem of

FIG. 2. Graph of the effective relaxation rateheff as a function of the line
input powerPIL , as obtained from the data in Fig. 1~a! for k547 rad/cm.
The inset shows the response on an expanded scale.

FIG. 3. ~a! and~b! show the MSW output powerPOMSW as a function of the
MSW input powerPIMSW for the MSSW and MSBVW configurations, re-
spectively. The applicable signal wave numberk for each data set is as
indicated.
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interest here, the LG formulation reduces to a simple nonlin-
ear decay calculation. If only one damping term that scales
linearly with the mode power is included, the problem can be
solved analytically. If one includes both a linear term and
one that scales with the square of the mode power, numerical
solutions are required.

As already noted, it will prove convenient to work with
a reduced amplitude parameteru(z) in place of the line or
MSW powers used in Sec. II. Theu parameter convention
used here follows Kalinikos and others.25 In this convention,
u(z,t) is connected to the actual dynamic magnetization
m(z,t) through the relationu(z,t)5m(z,t)/A2Ms . In the
Kalinikos convention,m is a scalar complex magnetization
amplitude for whichumu2 is equal to the sum of the squares
of the two components ofm that are transverse to the static
field. The Ms parameter denotes the saturation magnetiza-
tion. Nonlinear effects usually come in foruuu—values and
corresponding umu/Ms ratios in the 0.01 range. The
u—parameter format makes it easy to see the relative size of
the dynamic response compared toMs . For the analysis be-
low, m andu will be taken as real.

The cw nature of the experiments eliminates explicit
time dependencies from the analysis. A steady-state spatial
decay response is assumed. The calculations yield decay pro-
files of u(z) versusz for given initial values ofu at z50.
Evaluations ofu(z5L)5uout as a function ofu(z50)5uin

give response profiles that may be compared with the data
As stated above, Stancil23 has given a detailed analysis

of the calibration between the MSW power in the film and
umu. The Stancil formulas for this conversion are given in the
Appendix. For the comparisons below, thePOMSW versus
PIMSW data from Fig. 3 have been recast in auout versusuin

format based on these connections. For the parameters in
Tables I and II and the formulas in the Appendix, the con-
versions from PIMSW or POMSW to uin

2 or uout
2 are

1.3831024 mW21 for the MSSW configuration and
2.0931024 mW21 for the MSBVW case. These coefficients
have a weak dependence on the operating point wave num-
ber at the 1027 level that has been neglected.

For the present purposes, the LG equation may be writ-
ten as

i S ]u

]t
1vg

]u

]z
1h0uD1

D

2

]2u

]z2
2~N12 in1!uuu2u

2~N22 in2!uuu4u50. ~5!

The D parameter corresponds to the curvature of the MSW
frequencyv versus wave numberk dispersion evaluated at
uuu250 and the appropriate OP frequency. TheN1 and N2

represent nonlinear frequency shift parameters given by the
change in the mode frequency with respect touuu2 and uuu4,
respectively, also evaluated at the mode operating point. The
n1 andn2 parameters represent the corresponding nonlinear
damping coefficients. Ifh0 , n1 , n2 , andN2 are set to zero,
Eq. ~5! matches the well-known nonlinear Schro¨dinger equa-
tion used extensively in nonlinear optics and nonlinear spin
wave and MSW dynamics.

For a steady-state analysis, one may rewrite Eq.~5! as

Fvg

]u

]z
1~h01n1uuu21n2uuu4!uG

2 i FD

2

]2u

]z2
2N1uuu2u2N2uuu4uG50. ~6!

The first square bracket term gives the decay for the reduced
scalar amplitudeuuu. The second square bracket term gives a
nonlinear phase shift. While this phase shift is critical to the
analysis of nonlinear pulse dynamics and solitons, for ex-
ample, these terms have no effect on the decay response for
cw excitation.

The term in parenthesis in Eq.~6! is the full amplitude
dependent nonlinear relaxation rate

h~ uuu!5h01n1uuu21n2uuu4. ~7!

For cw signals, the instantaneous spatial decay ratekr(uuu) at
a given amplitude is equal toh(uuu)/vg . Without loss of
generality, one may takeu as real, writeh(u)5h01n1u2

1n2u4, and drop the second square bracket term in Eq.~6!
entirely. One then obtains a simple equation fordu, the
change in the reduced amplitudeu at positionz1dz in terms
of the u—value at positionz

du52u@h01n1u21n2u4#~dz/vg!. ~8!

For low amplitude signals wheren1u2!h0 and n2u4!h0 ,
the decay response is exponential with a decay rate ofh0 .
For large amplitude signals, however, the decay is nonlinear
and more rapid.

Without then2u4 term, Eq.~8! can be integrated to ob-
tain an analytical expression foru(z) given by

u~z!5
uine

2h0z/vg

A11n1uin
2 ~12e2h0z/vg!/h0

. ~9!

If the n2u4 term is included in Eq.~8!, one obtains a tran-
scendental equation foru(z),

h0z

vg
5 lnS uin

u~z! D1
1

4
lnF h@uin#

h@u~z!#G1
n1

2G S tan21
Q~u!

G

2tan21
Q~uin!

G D , ~10!

whereh@u# is defined through Eq.~7! with uuu replaced by
the now positive realu, G is equal to (4h0n22n1

2)1/2, and
Q(u) is given byn112n2u2.

Computed decay profiles ofuout5u(L) versusuin were
obtained for parameters and conditions which match the val-
ues and operating points in Tables I and II.n1 andn2 were
varied to yield best fits to power response profiles in Sec. III.
For the MSSW geometry, the ability to go to high enough
input powers to achieve output saturation made it possible to
obtain best-fit values for bothn1 andn2 . For the MSBVW
cases, the lack of a saturation response precluded any deter-
minations forn2 .

Figure 4 shows a series of representativeuout versusuin

computations and companion data that demonstrate the
MSSW fitting procedure for thek547 rad/cm operating
point. The open circles show the data. The solid lines in Fig.
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4 show computed curves for then1 and n2 values as indi-
cated. The shape of the experimental response is different
from those in Fig. 3 because theu amplitudes scale with the
square rootof the MSW powers. The linear response line in
Fig. 4 is obtained when only the relaxation rateh0 is in-
cluded in the modeling. The rounded but nonsaturated curve
shows a typical computed response if a nonzeron1 nonlinear
term is included but then2 parameter is set to zero. The
saturated curve shows the result with both nonlinear terms
included.

The fits to the data required a two-parameter optimiza-
tion with careful attention to the shape of the bend-over re-
gion and the saturation levels. The curves in Fig. 4 demon-
strate the main points. First, it is generally found that the use
of the nonlinearn1 term alone cannot give a saturation re-
sponse that matches the data and the bend over region at the
same time. An1 term alone can give a saturation at high
values ofuin , but the resultant saturationuout—values are
then below those found experimentally and the bend over
region matches poorly to the data. Moreover, such forced
saturation requires very large values ofn1 . When both non-
linear terms are included, one can obtain reasonable fits for
the bend over and the saturation regions for all of the MSSW
data, with uncertainties in the optimum fit values ofn1 and
n2 of about60.2 ns21 and60.2 ps21, respectively.

Figure 5 shows the same data as in Figs. 1 and 3 but
recast in theuout vs. uin format of Fig. 4, along with best fits
of the nonlinear response model to the data. The open sym-
bols show the data and the solid lines show the fits. The
format follows that of Figs. 1 and 3. The curves were ob-
tained through numerical analysis based on Eq.~10!, along
with a one- or two-parameter best fit to the appropriate data.
Table III lists the best fitn1 andn2 values as appropriate to
the two configurations.

The uin in Fig. 5 extend up to values of about 0.15 and
0.12 for the MSSW and the MSBVW cases, respectively. In
both cases, the nonlinear responses set in foruin values in the
0.03 range. In terms ofuout, the nonlinear responses all
come in at values in the range of 0.01. This means that the

nonlinear responses all occur for dynamic magnetization am-
plitudes that are about 1% ofMs .

As with the data in Fig. 4, the shapes of the curves in
both graphs of Fig. 5 have a different appearance and scaling
as compared to the results in Fig. 3. As noted, this is because
the u amplitudes scale with the square root of the corre-
sponding MSW powers. Because of this scaling, the initial
responses in Fig. 5 have more of a linear appearance than the
profiles in Fig. 3, the bend over extends out farther along the
horizontal axis, and the region with a saturation response in
Fig. 5~a! is reduced. The fits in Fig. 5 show that the nonlinear
damping model provides a reasonable match to the data.

The listings in Table III demonstrate possible wave num-
ber dependences for the fitted nonlinear damping parameters.
Keep in mind that the errors in the listed parameters from the
fitting procedure given above are in the60.2 ns21 range for
n1 and60.2 ps21 for n2 . The trends shown in Table III are
well beyond these error limits. The fits indicate that for

FIG. 4. Computed and experimental profiles of the reduced output ampli-
tude uout as a function of the reduced input amplitudeuin for the MSSW
operating point at a wave numberk of 47 rad/cm and other parameters as
listed in Tables I and II. The solid curves show the linear response and
nonlinear responses for values of the damping nonlinear damping coeffi-
cientsn1 andn1 , as indicated. The open circle points correspond to the data
for k547 rad/cm in Figs. 1 and 3 after conversion to theuout versusuin

format.

FIG. 5. ~a! and~b! show the reduced output amplitudeuout as a function of
the reduced input amplitudeuin for the MSSW and MSBVW configurations,
respectively. The applicable signal wave numberk for each data set is as
indicated. The symbols show the data and the solid curves show best fits
based on the nonlinear damping model.

TABLE III. Tabulation of the nonlinear damping parametersn1 and n2 as
obtained from best fits of the model to the data and listed as a function of
increasing wave numberk.

Wave numberk
(rad/cm)

MSSW n1

~1/ns!
MSSW n2

~1/ps!
MSBVW n1

~1/ns!

35 ¯ ¯ 4.0
47 0.8 1.7 ¯

72 0.6 2.3 2.7
99 0.6 2.5 ¯

154 1.8 3.3 ¯

179 ¯ ¯ 0.8
216 ¯ ¯ 0.5
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MSSW excitations, then1 andn2 parameters both show an
increase with wave number. For MSBVW excitations, in
contrast,n1 appears to decreases with wave number.

It is important to keep in mind that, up until now, there is
no fundamental theory for then1 andn2 parameters. In the
LG equation, these parameters are introduced simply asad
hoc imaginary parts for the first- and second-order nonlinear
coefficientsN1 andN2 . Further experimental work is needed
to quantitatively define the nonlinear damping parameters as
a function of the MSW configuration, frequency, and wave
number. It will also be critical to obtain a fundamental theory
for the origin of these values.

V. CONCLUSIONS

Nonlinear damping for two types of cw MSW signals
has been studied in a thin yttrium–iron–garnet film in the
regime when parametric spin wave generation is allowed.
First, the nonlinear MSW decay was measured and analyzed.
Second, a phenomenological model was developed, based on
the assumption that the nonlinear damping originates from
parametric decay processes. Third, the nonlinear decay coef-
ficients in the model were obtained from fits to the data. The
model and the coefficients should prove useful for future
work on nonlinear MSW propagation and decay. In this re-
gard, recent experimental results on the simultaneous forma-
tion of bright and black solitons through the nonlinear mode
beating of copropagating MSW signals can be described by
this model.16,20
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APPENDIX

This appendix gives working expressions for:~1! the
voltage reflection coefficientG introduced in Sec. II and~2!
conversion from the MSW powerPMSW at any propagation
point in the YIG strip, and the corresponding scalar dynamic
magnetization amplitudem needed for the conversion from
MSW power to the reduced amplitudeu response in Sec. V.
These expressions are derived from the microstrip line MSW
coupling analysis by Stancil.23 All expressions are given in
Systeme Internationalunits.

For transmission lines in general,G is given by

G5
Rr2Rg

Rr1Rg
, ~A1!

whereRg is the impedance of the input line andRr is the
radiation resistance of the load. In the MSW setup used here,

the input line is the microstrip input andRg is 50 V and the
load is the transducer element with the YIG film strip on top.

For the MSSW configuration, with the in-plane static
field parallel to the transducer line element and perpendicular
to the propagation direction along the YIG strip,Rr may be
written as

Rr5
m0v l

2kd F 11x

~11k!22~11x!2G FJ0S kw

2 D G2

, ~A2!

wherem0 is the permeability of free space. Thex andk are
infinite medium susceptibility functions22 given by x
5vHvM /(vH

2 2v2) and k5vvM /(vH
2 2v2), where vH

5uguH and vM5ugu4pMS specify the static in-plane field
H and saturation magnetizationMS in frequency units.

For the MSBVW configuration with the in-plane static
field along the propagation direction and perpendicular to the
transducer line element, there is more than one possible
mode. In the Stancil analysis,23 the radiation resistance for
this case is obtained for the lowest-order mode only. The
final result may be written as

Rr5
m0v l sin2~arctan~b!!

4b arctan~b! FJ0S b arctan~b!w

d D G2

, ~A3!

with b equal to@2(11x)#1/2. Over the frequency range that
supports MSBVW excitations in a film,b is real.

The connection between the MSW powerPMSW at a
given point along the YIG strip and the dynamic magnetiza-
tion amplitudem defined in Sec. IV may be obtained through
a straightforward analysis of the MSW scalar potential. The
Stancil result23 involves averages over the direction normal
to the film, taken as they direction in the formulas below, to
account for the spatial form of the MSW mode of interest.
The m from the analysis represents, therefore, an average
value over the film thickness.

For MSSW signals, the finalm–PMSW connection may
be written as

mMSSW5A2PMSWk~k21x2!

b2vadm0W

3E
2d/2

d/2
A~e2ky1a2e22ky!dy. ~A4!

The a parameter denotes the functiona(v,k)5(x2k
12)ekd/(x1k). The x andk denote the same infinite me-
dium susceptibility functions defined above. Over the range
of wave numbers used for the MSSW measurements, the
integral was approximately constant at 1.41. This value was
used for the conversions in Sec. V.

The correspondingm–PMSW connection for lowest-
order mode MSBVW signals may be written in the form

mMSBVW5A8PMSW arctan~b!~k21x2!

vd2m0W

3E
2d/2

d/2

cosS 2 arctanS b
y

dD Ddy. ~A5!
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Over the range of MSBVW wave numbers used for the mea-
surements, the integral in Eq.~A5! was close to unity. This
value was used for the conversions in Sec. V.
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