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Phase profiles of microwave magnetic envelope solitons
J. M. Nash,a) P. Kabos,b) R. Staudinger, and C. E. Patton
Colorado State University, Fort Collins, Colorado 80523

~Received 2 September 1997; accepted for publication 18 November 1997!

A new method for the analysis of microwave magnetic envelope~MME! solitons has been
developed. This method is based on the determination and analysis of output microwave pulse phase
profiles. Simple analytical results based on the nonlinear Schro¨dinger equation show that MME
soliton phase profiles contain the necessary and sufficient information needed to define a particular
pulse as a linear dispersive pulse or a fully formed soliton. The effects are demonstrated both
theoretically and experimentally for magnetostatic backward volume wave and magnetostatic
surface wave pulse signals. Theoretical phase profiles are considered for Gaussian, hyperbolic
secant, and rectangular pulse shapes. Experimental profiles are obtained for rectangular input pulses.
The measured phase profiles compare favorably with the numerical results. Both the data and the
theory show that a constant phase profile across the pulse provides a consistent and quantitative
criterion for an MME soliton. ©1998 American Institute of Physics.@S0021-8979~98!03305-2#
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I. INTRODUCTION

Microwave magnetic envelope~MME! solitons were
first predicted by Zvezdin and Popkov,1 based on an analysi
of the nonlinear Schro¨dinger equation. The first observatio
of MME solitons formed from magnetostatic wave~MSW!
pulses was later reported by Kalinikos, Kovshikov, a
Slavin.2 Since then, strong experimental and theoretical e
dence has been presented which indicates that, unde
right conditions, MME solitons can form and propagate
magnetic thin films.3–15 Solitons in magnetic films hold
promise for radar signal processing applications. Refere
15, for example, describes a generator which can produ
train of soliton pulses which is maintained without a chan
in pulse shape of decay in amplitude for tens of micros
onds.

Although the above works were for different magne
thin films parameters and external magnetic field orien
tions, they all depended on some determination of whethe
not a given output pulse was a soliton. Five basic techniq
were used in Refs. 2–15 to make this identification, e
based on measurements of different output pulse chara
istics. These techniques involved~i! the evolution in the
shape of the pulse envelope,2,7 ~ii ! the output peak powe
versus the input peak power response,3,7,8 ~iii ! the effect of
collision between two pulses,8,12 ~iv! decay properties,12,14

and ~v! phase profiles.6,11,13,15

This article presents a discussion of the phase pro
approach to soliton identification. Some preliminary theor
ical and experimental results were presented in Refs. 11
13. The basic idea is based on the result that MME pu
subject to dispersion or the effects of the nonlinear respo
alone will exhibit characteristic phase profiles as well as
usual amplitude profiles. These phase profiles will have ch
acteristic dependences which depend on the signs of the
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persion and nonlinear response coefficients. When the
persion and the nonlinear response are such that an M
soliton is formed, the phase profile across the pulse will
constant. That is, the cw signal inside the MME wave pac
will be purely harmonic and not subject to additional pha
shifts.

II. MME SOLITON IDENTIFICATION

The MME soliton experiments of interest here are d
scribed in detail by Chenet al.7 In short, a square microwav
pulse is applied to the input port of a microstrip transdu
structure, such as the one shown in Fig. 1. A long and nar
strip from a single crystal low loss yttrium iron garnet~YIG!
film is placed YIG-side down across the two narrow sectio
of the striplines. These narrow sections act as input and
put transducers for the generation and detection of MM
pulses. The entire structure is placed between the poles o
electromagnet so that the magnetic film is subject to a st
applied field.

For the field parallel to the propagation direction, as
Fig. 1, one has the magnetostatic backward volume w
~MSBVW! configuration discovered by Damon an
Eshbach.16 The propagation of MME solitons for this cas
has been studied in detail by Chenet al.,7 Kalinikos et al.,12

and Xiaet al.14 If the static field is applied perpendicular t
the plane of the YIG film, one has the forward volume wa
configuration first analyzed by Damon and Van der Vaar17

This configuration was used for the first magnetic film so
ton experiments by Kalinikos and co-workers, as describ
in Ref. 2. For these two configurations, the so-called Lig
hill criterion18 is satisfied and the relationship between t
dispersion and the nonlinear response is such that MME s
tons can be formed and propagated in low loss YIG film
References 2–5 and 7–15 describe a wide variety of exp
mental results for these cases. For a third configuration
which the external field is applied in the plane of the YI
film but the propagation direction is perpendicular to t

ni-
9 © 1998 American Institute of Physics
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2690 J. Appl. Phys., Vol. 83, No. 5, 1 March 1998 Nash et al.
field, the Lighthill criterion is not satisfied.7 The fundamental
modes of propagation which are supported now consist
magnetostatic surface wave or MSSW excitations.16 In this
case, MME solitons cannot be formed. The focus in t
article will be on MSBVW and MSSW wave packets and t
phase features for soliton and nonsoliton pulses. The dif
ences between these configurations will be discussed sho

Figure 2 is reproduced from Fig. 7 of Ref. 7. This figu
shows the results of a typical magnetostatic backward
ume wave MME soliton experiment. Graphs~a!–~d! show
input and output profiles of detected power versus time

FIG. 1. Diagram of the yttrium iron garnet~YIG! film magnetostatic wave
~MSW! propagation structure. The long and narrow YIG film on the ga
linium gallium garnet~GGG! substrate supports the propagating MSW pu
signal from left to right as indicated. The film is positioned YIG side dow
over the two strip line transducers as shown. The strip line circuits are on
bottom single ground plane microwave dielectric support structure and
vide the input pulse excitation and output pulse detection. The figure sh
a static magnetic fieldH applied parallel to the propagation direction.

FIG. 2. Input and output profiles of detected power vs time for the YIG fi
and transducer structure of Fig. 1 and four different input power levels
indicated. The film thickness was 7.2mm and the external applied field wa
1343 Oe. The carrier frequency was 5.8 GHz and the input pulse width
held constant at 13 ns. The dashed curve for output profile~a! shows the
pulse with the vertical response expanded by a factor of 5. This figure is
same as Fig. 7 in Ref. 7.
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the YIG film transducer structure of Fig. 1 in the MSBVW
configuration for different input power levels as indicate
The film thickness was 7.2mm and the external applied fiel
was 1343 Oe. The carrier frequency was 5.8 GHz and
input pulse width was held constant at 13 ns. The das
curve for output profile~a! shows the pulse with the vertica
response expanded by a factor of 5. The steepening and
rowing of the output pulse profile seen in traces~b!, ~c!, and
~d! were used to demonstrate MME soliton formation.

The steepening and narrowing of the pulses shown
Fig. 2 provide one qualitative indication of soliton formatio
There are further characteristics which can be exploited
support the formation of solitons in these experiments. O
such characteristic is obtained from measurements of
variation in the peak output powerPout as a function of the
peak input powerPin . A typical Pout vs Pin measurement
gives a response curve with three characteristic regions.7,8,14

The first region corresponds to low input power levels a
consists of the expected linear response. At some relati
low power level, however, this linear response changes
nonlinear response in which the output peak power increa
more rapidly than before. The response in this second reg
is still monotonic and more-or-less linear. At even high
power levels, one has aPout vs Pin response in whichPout

goes through a maximum and then decreases. The ons
the nonlinear response in the second region correspond
the formation of order one solitons and the steepening
narrowing shown in Fig. 2. The peak effect in the third r
gion is connected with the formation of higher order soliton
the evolution of additional peaks in the pulse profiles, a
the kind of response shown in traces~c! and ~d! of Fig. 2.
The power at the boundary between the first to the sec
region may be taken to represent the threshold input po
for soliton formation. Such threshold powers have be
found to be in reasonable agreement with predictions ba
on the nonlinear Schro¨dinger~NLS! equation and predictions
from inverse scattering theory.10 Discussions of threshold
powers and connections with soliton theory are given
Refs. 7, 8, 10, and 14.

The third technique for soliton identification is based
the property that solitons which undergo collisions will r
main unchanged, except for an overall shift in phase. M
surements of soliton pulse profiles before and after collis
have been reported in Refs. 8 and 12. The profiles of the
pulses were found to be unaffected by the collision.

The fourth technique concerns decay. As discussed
Refs. 10 and 12, soliton pulses are expected to decay m
rapidly than linear pulses. Reference 14 provides the m
recent quantitative measurements and theoretical analys
decay effects. Decay measurements require data for m
pulses as a function of propagation time and power leve
is possible to follow the formation of a MME soliton on th
basis of detailed decay data for both the pulse amplitude
the integrated pulse energy. The results are based on m
different measurements and not on a single pulse signal

In contrast with the above approaches, phase profi
provide a direct indication of the soliton or nonsoliton natu
of a single pulse. Recall that the wave packet which is
plied to the input transducer in Fig. 1 consists of a carr
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signal at a specified microwave frequency and an enve
defined by the input pulse shape. As this microwave pu
energy is coupled into the film, an MSW pulse is formed a
propagated. The shape of the pulse will evolve in some fo
as indicated by the data in Fig. 2. At the same time, th
will be some evolution in the relative phase of the carr
signal inside the pulse envelope. One may define the de
tion in phase at a particular point on the pulse signal, rela
to the phase for an undisturbed carrier for a perfectly lin
and dispersion free medium, as the phase profile for
pulse. Hence, there are two profiles for the pulse signal,
one for amplitude or power as shown in Fig. 2 and one
phase. The objective of this report is to describe the phys
effects which determine the various phase profiles which
be obtained from MSW pulses and to examine such ph
profiles both theoretically and experimentally.

Why consider phase? The other approaches given ab
for soliton identification present various problems. T
‘‘steepening and narrowing’’ characteristic is purely quali
tive. There are more serious problems as well. Pulse dis
tions can occur, for example, for input pulses which cont
Fourier components which extend outside the MSW ban

The threshold approach is subject to the problem
poorly defined thresholds because the change from the li
to the nonlinear regime can be rather gradual.10 The problem
here is that, even though the threshold for soliton format
may be well defined, the time required for the soliton
actually form may be rather long on the time scale of pr
tical microwave pulse experiments with YIG films. Th
means that the onset point may be difficult to measure w
high accuracy.

There are also problems with the collision criterion. T
date, only the output pulse profiles have been compared
fore and after collision. Such results are unable to distingu
uniquely between collisions of pulses which are in the l
power linear regime and pulses which are solitons. Both
ear pulses and soliton pulses are expected to maintain
shapes upon collision.

Decay measurements provide perhaps the best meth
date to clearly and quantitatively define an MME soliton.
order to do so, however, it is necessary to perform deta
measurements of both the amplitude decay and the deca
the total energy of the pulse as a function of propagat
distance.14 Such experiments are tedious and time consu
ing.

A quantitative criteria for soliton pulses based on pha
profiles would provide a clear and relatively simple way
identify solitons. This approach was applied to a limited e
tent to the MSSW dark soliton observed in Ref. 6 and
MSBVW soliton trains in Ref. 15. For the dark soliton
measurements of the phase across the central part of the
put pulse profile showed that there was a phase shift op
across the middle of the pulse when a dark soliton was f
formed. For the soliton train measurements, each solito
the pulse train was found to have a constant phase pro
The phase approach to soliton identification does not su
from the problems noted above for amplitude or power p
files. Only one output pulse needs to be measured, and
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phase profile of the output pulse is a direct consequenc
soliton formation.

The results below are divided into four sections. Sect
III presents basic considerations for linear and nonlin
magnetostatic wave pulse propagation, dispersion effe
and nonlinear effects. Section IV and V present theoret
results on phase profiles and Sec. VI presents experime
results. The presentation here is for bright pulses only. D
pulses are not considered.

III. LINEAR AND NONLINEAR MSW EXCITATIONS

The starting point for the discussion of MME wav
packets is the frequencyvk vs wave numberk response for
the lowest order dispersion branch of the fundamental m
netostatic wave excitation for the thin film geometry of i
terest. Figure 3 shows representative MSSW and MSBV
small signal dispersion curves for an in-plane magneti
7.2-mm-thick YIG film with an in-plane static magnetic fiel
H of 1407 Oe. The top curve is for the MSSW case a
propagation perpendicular to the in-plane static magn
field and static magnetization direction. The bottom curve
for the MSBVW case and propagation parallel to the sta
field. The inset diagrams show these configurations. T
above curves may be obtained directly from the theory
magnetostatic waves developed by Damon and Eshba16

The Damon–Eshbach theory has been revisited in a re
article by Hurben and Patton.19 The horizontal dashed line
indicate the three characteristic MSW limit frequenciesf S ,
f B , and f H .

For the present purposes, two properties of the disp
sion curves in Fig. 3 are important:~1! the common limit
frequency f B for zero wave number and~2! the different
shapes and curvatures of the dispersion relations. First
sider the commonf B frequency point. This frequency corre

FIG. 3. Dispersion diagrams of magnetostatic wave~MSW! frequencyf k vs
wave numberk for the two basic MSW configurations for in-plane magn
tized films, the magnetostatic surface wave~MSSW! configuration, and the
magnetostatic backward volume wave~MSBVW! configuration. The rela-
tive orientations of the net static magnetic fieldH and the wave vectork are
shown by the inset diagrams for the two dispersion curves. The cu
shown are actual calculated curves for a 7.2-mm-thick yttrium iron garnet
film with a field H of 1407 Oe. The horizontal dashed lines indicate t
three characteristic MSW limit frequenciesf S , f B , and f H .
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sponds to the uniform mode ferromagnetic resonance
quency for an in-plane magnetized film. From the origin
Kittel analysis,20 this ferromagnetic resonance~FMR! fre-
quency is given by

f B5vB/2p5~ ugu/2p!AH~H14pMs!. ~1!

Equation~1!, g denotes the electron gyromagnetic ratio a
4pMs denotes the saturation induction of the material. F
YIG materials, g is close to the free electron value o
21.763106 rad/Oe and one has 4pMs'1750 G. In practi-
cal units, one also hasugu/2p52.8 GHz/kOe. Equation~1!
and the analysis to follow is based on cgs or Gaussian u
Frequencies specified in terms off symbols are in Hz or
GHz and frequencies specified in terms ofv are taken to be
in rad/s.

The FMR frequency in Eq.~1! is important to the non-
linear frequency response for MSW excitations. Typica
MSW excitations are utilized at relatively small values of t
wave numberk on the order of 100 rad/cm or so. On th
scale of the dispersion curves in Fig. 3, this range of w
numbers is very close tok50. This means that one ma
estimate the frequency shift for MSW excitations of lar
amplitude from theMs dependence of the FMR frequency
Eq. ~1!. This procedure will be described shortly. The po
to be noted here is that this shift will be negative for bo
MSSW and MSBVW excitations. The direction of this sh
is clear from theMs dependence in Eq.~1!. The effective
static magnetization will decrease as the FMR preces
angle increases. This decrease translates into a decrea
the FMR frequency and a corresponding downshift in
dispersion curves of Fig. 3.

Turn now to the dispersion curves in Fig. 3. It will b
useful to introduce a dispersion coefficientD, defined as

D5]2vk /]k2. ~2!

For the MSSW case in Fig. 3~a!, f k initially increases from
the f B point ask increases, the dispersion curve has nega
curvature, andD is negative. For the MSBVW case in Fig
3~b!, f k initially decreases from thef B point ask increases,
the dispersion curve has positive curvature, andD is posi-
tive. These opposite signs forD for MSSW and MSBVW
excitations play a critical role in the nonlinear pulse respo
characteristics. Recall from the brief discussion above
the nonlinear frequency response, that is, the change in
MSW frequency with signal amplitude, for the two cases
about the same.

In addition to the dispersion parameterD, a second im-
portant MSW property derives from the dispersion cur
This is the group velocityvg , which is the speed of propa
gation for a linear MSW wave which is reasonably wi
spatially or temporally, and reasonably narrow in frequen
content. This group velocity is determined by the slope of
vk vs k dispersion relation at a given operating point acco
ing to ng5]vk /]k. A typical low amplitude or linear wave
packet will travel at the group velocityng and spread as i
propagates. The spreading is due to the nonzero dispe
coefficientD.

Now consider the nonlinear response. The dispers
curves of Fig. 3 are strictly valid only in the limit of a van
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ishingly small dynamic magnetization response. As the a
plitude of the dynamic magnetization components increa
there is a corresponding change in the MSW frequen
These nonlinear shifts in the MSW frequency have be
theoretically investigated by a number of authors. The s
plest approach, first used by Zvezdin and Popkov,1 is to ap-
proximate the nonlinear frequency shift for a MSW signal
a relatively low wave number by the corresponding shift
the FMR frequency with the amplitude of the uniform mo
or k50 response. Operational equations for this shift
summarized in Ref. 7.

The remainder of this section will establish basic equ
tions for the dynamic magnetizationm associated with an
MME wave packet, define a complex dimension less sca
wave packet amplitude functionu, and introduce the opera
tional nonlinear differential equation, the nonlinear Sch¨-
dinger ~NLS! equation, which will be used to evaluate th
amplitude and phase properties of these linear wave pac
and soliton pulses of interest here.

One begins with the dynamic magnetization response
a general MSW one dimensional wave packet. The vec
dynamic magnetization is written in the form

m5m0~z,t !e2 i ~kz2vkt !. ~3!

The z direction is taken as the direction of propagation. F
MSBVW signals, the dynamic magnetizationm is superim-
posed on az-directed static magnetization vectorM z

5Mzẑ. For MSSW signals, the dynamic magnetizationm is
superimposed on static magnetization vector which is stil
the plane of the YIG film but transverse to the propagat
direction. If this transverse direction is taken as thex direc-
tion, the static magnetization vector for the MSSW config
ration is given asM x5Mxx̂. In general, it is assumed that th
total magnetization vectorM is conserved such thatuM u
5Ms is true, whereMs represents the saturation magnetiz
tion of the material.

The transverse dynamic magnetization response ma
further broken down according tom05minx̂1moutŷ for the
backward volume wave case and asm05minẑ1moutŷ for the
magnetostatic surface wave configuration. Themin andmout

represent complex scalar dynamic magnetization respo
functions for the in-plane and out-of-plane components
m0(z,t).

If the wave numberk is small, such thatk/L!1 is sat-
isfied, whereL represents the film thickness, the ratio of t
out-of-plane component of the dynamic magnetizat
m0(z,t),mout, to the transverse in plane componentmin is
approximately the same as obtained for free precession
romagnetic resonance~FMR! for an in-plane magnetized thin
film. This ratio is given by

mout

min
57 i

H

H14pMs
. ~4!

The upper and lower signs on the right hand side apply to
MSBVW and MSSW cases, respectively, and are cho
such that the sense of precession of the dynamic magne
tion is in the Larmor sense. Note thatmin(z,t) andmout(z,t)
represent wave packet functions in their own right. The
functions are scalar and complex.
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Return now to the nonlinear response. This respo
may be characterized in terms of the shift in the MSW f
quency with the amplitude of the MSW signal. The nonline
coefficient,N, is a measure of the shift in the actual sp
wave or MSW frequency with the amplitude of the dynam
magnetization response. The standard approach is to as
that this shift is approximately the same as the shift in
FMR frequency. One introduces a reduced, dimension l
complex scalar function parameteru(z,t) which is related to
the dynamic magnetization response. For the present
poses, this connection will be taken as

min~z,t !5u~z,t !Ms . ~5!

With mout defined through Eq.~4!, the complex dynamic
responsem0(z,t) is now defined in terms of a scalar com
plex wave packet envelope functionu(z,t). This connection
betweenm0(z,t) andu(z,t) is the same as defined in Ref.
Note that because of theMs factor in Eq.~5!, the numerical
values for u(z,t) will correspond roughly to the ratio
um0(z,t)u/Ms .

With u(z,t) now given in terms ofm0(z,t), one may
now establish a nonlinear response coefficientN according
to

N5]vk /]uuu2uu50 . ~6!

A useful analytical expression forN for the MSBVW and
MSSW cases may be obtained in a simple way. One
replacesvk in Eq. ~6! with vB . One then replacesMs in Eq.
~1! with an effectivez-component static magnetizationMs

given by

Mz5AMs
22umin

2 u2umout
2 u'Ms2

umin
2 u1umout

2 u
2Ms

. ~7!

Finally, one uses the connection betweenu andmin andmout

given above, and evaluatesN according to

N5]vB /]uuu2uu50 . ~8!

The result of these operations is a closed form expression
N given by

N52
ugu4pMsH

4~H14pMs!
F11S H

H14pMs
D 2G . ~9!

This is the same result as stated by Zvezdin and Popko
Ref. 1.

The operational parameters for linear and nonlin
MSW wave packet propagation have now been establis
Actual solutions for wave packet are generally obtained fr
some variation of the nonlinear Schro¨dinger equation. One
useful form of this equation, based on the harmonic conv
tion of Eq. ~3!, may be written as

i S ]u

]t
1ng

]u

]z
1huD2

1

2
D

]2u

]z2 1Nuuu2u50. ~10!

The only parameter in Eq.~10! has not yet been establishe
is the relaxation rateh. This relaxation rate parameter d
scribes the losses or damping of the microwave magn
response. This relaxation rate is related to the usual h
power ferromagnetic resonance line widthDH according to
DH52h/ugu.
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The general approach is to prescribe some real in
envelope functionu(z,t50) and obtain analytic or numeri
cal solutions foru(z,t). These complexu(z,t) functions
may be expressed in the form

u~z,t !5m~z,t !eiu~z,t !, ~11!

where bothm(z,t) and u(z,t) are taken as real functions
The m(z,t) function represents the amplitude of the MS
wave packet andu(z,t) represents the phase of the loc
carrier signal inside the wave packet relative to the origi
carrier specified through Eq.~3!. For a purely linear and
nondispersive wave packet, the phase functionu(z,t) will be
identically zero. As will be demonstrated below, dispersi
and nonlinear frequency shifts with local amplitude intr
duce characteristic phase profiles which can be related
soliton formation in a simple and intuitive, yet quantitativ
way.

For the theoretical results to be presented in the next
sections, numerical values of theD andN parameters estab
lished above have been used which represent typical va
for MSW wave packets. The physical basis for these val
is discussed in Refs. 6–8 and 12, among others. Profiles h
been computed forD5633103 cm2/rad s andN567.4
3109 rad/s. The computations were done for zero damp
and zero group velocity. Real MSW wave packets will,
course, be moving and be subject to decay because of da
ing. The objective of the next two sections, however, is
demonstrate the effects ofD and N on phase profiles. In
order to do this in the simplest way, propagation and de
have been set to zero. Wave packet amplitudes and wi
have also been adjusted to optimally demonstrate the eff
on phase profiles. These numerics will be considered sho

IV. DISPERSIVE AND NONLINEAR GAUSSIAN WAVE
PACKETS

The purpose of this section is to use a particularly sim
and analytically solvable input envelopeu(z,t50) function,
and obtain analyticalu(z,t) solutions to the NLS equation
for the two cases:~a! dispersion only, withN50, and both
signs for theD parameter,~b! nonlinear response only, with
D50, and both signs for theN parameter. These computa
tions will utilize a Gaussian input pulse.

Consider a realu(z,t50) input pulse of the form

u~z,t50!5u0e2z2/4z0
2
, ~12!

where u0 is the amplitude of the pulse andz0 is a width
parameter for the pulse. With the group velocityng , the
dampingh, and the nonlinear response coefficientN set to
zero, Eq.~10! reduces to

i
]u

]t
2

1

2
D

]2u

]z2 50. ~13!

Subject to the initial condition of Eq.~12!, Eq. ~13! has a
complex u(z,t) dispersion only solution with the separa
amplitude and phase functionsm(z,t) andu(z,t) given by

mD~z,t !5
2u0z0

~D2t214z0
4!1/4 e2z0

2z2/~D2t214z0
4
! ~14!
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and

uD~z,t !5
1

2
tan21S Dt

2z0
2D 2

Dtz2

2~D2t214z0
4!

. ~15!

Notice that both the amplitude and the phase functions
pend onD. It is clear from the form of Eq.~14! that the
mD(z,t) amplitude profile decays and broadens with tim
and does not depend on the sign ofD. The phase profile
uD(z,t) function, on the other hand, is an odd function of t
dispersion parameterD. Plots of these profiles will be con
sidered shortly.

It will prove useful at this point to consider the shape
the spatial phase profile for fixed time. This shape is defi
by the second term on the right hand side of Eq.~15!. For a
positiveD, the phase profile will be a parabola with a hig
point atz50 and negative curvature. For a negativeD, the
phase profile will be a parabola with a low point atz50 and
positive curvature.

Turn now to the nonlinear response only case. Here,vg ,
h, andD are set to zero and Eq.~10! reduces to

i
]u

]t
1Nuuu2u50. ~16!

Subject to the initial condition of Eq.~12!, Eq. ~16! has a
complex u(z,t) nonlinear response only solution with th
separate amplitude and phase functionsm(z,t) and u(z,t)
given by

mN~z,t !5u0e2z2/4z0
2

~17!

and

uN~z,t !5Nu0
2te2z2/2z0

2
. ~18!

For this case, the wave packet amplitude functionmN(z,t)
stays precisely the same as specified by the initial pro
This is reasonable because there is no dispersion. The p
profile, however, is an odd function of the nonlinear para
eterN, increases linearly with time, and has a spatial Gau
ian shape of the same form as the square of the in
u(z,t50) profile. The form of Eq.~18! is consistent with
simple considerations of an amplitude dependent freque
shift.

Figure 4 demonstrates the above results. The four gra
show plots of the solutions contained in Eqs.~14!, ~15!, ~17!,
and~18!. The initial Gaussian pulse shape parametersu0 and
z0 were set atu05131022 andz050.021 cm, respectively
This choice ofz0 would correspond to a pulse width at ha
power of 13 ns forvg53.83106 cm/s. This is a typical
MSW situation.

The top plots show the square of the amplitude functi
or m(z,t)2, multiplied by 104, as a function ofz for fixed t.
For Fig. 4 and later figures, thism(z,t)23104 vertical axis
plot parameter will be denoted as the reduced power am
tude. The bottom plots are of the phase functionu(z,t) as a
function ofz for fixed t. Here, as well as in later figures, th
vertical axis plot parameter will be denoted as phase.

The left side plots are for case~a! with N50 and D
5633104 cm2/rad s. The right side plots are for case~b!
with D50 andN567.43109 rad/s. The dashed line curv
e-
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li-

in the upper left graph shows the initial reduced power a
plitude as a function ofz at t50. All of the solid curves
show profiles att5150 ns. Note that all profiles remain cen
tered atz50, due to the choice of a zero group velocityng

for the analysis. The only effect of a nonzerong would be to
produce a uniform translation of the centerz value byngt.
Keep in mind as well that the damping has been set to z
There are no decay effects due to damping.

The graphs in Fig. 4 reinforce the observations from
equations. Consider the case~a!, dispersion only andN50
left side graphs first. From the upper left graph, it is cle
that the power amplitude versusz profile at t5150 ns is
broadened and reduced in amplitude relative to the ini
profile. Only one solid curve is shown. The shape of t
power amplitude profile is the same for both signs of t
dispersion parameterD. The decay in amplitude and th
broadening are a direct result of the nonzero dispers
From the lower left graph, it is clear that the sign of theD
parameter does have an important effect on the compa
phase profiles. WhenD is positive, the phase profile has
maximum atz50 and negative curvature. WhenD is nega-
tive, the phase profile has a minimum atz50 and positive
curvature.

The situation is different for the case~b!, nonlinear re-
sponse only andD50 right side graphs. As shown in th

FIG. 4. The top left and right graphs show plots of the reduced po
amplitude vs positionz from Eqs.~14! and ~17!. The bottom left and right
graphs show plots of the corresponding phase values vs positionz from Eqs.
~15! and ~18!. All graphs are based on an initial Gaussian pulse as defi
through Eq.~12! with u05131022 andz050.021 cm. The dashed curve i
the top left graph shows the initial reduced power amplitude vsz profile.
The solid curves are all fort5150 ns. The solid amplitude and phase curv
in the graphs on the left are for the case~a! scenario in the text for disper-
sion only, withD5633103 cm2/rad s andN50. The solid curves in the
graphs on the right are for case~b!, with N567.43109 rad/s andD50.
The solid curves in the top graphs do not depend on the signs ofD andN.
The solid curves in the bottom graphs depend on the signs ofD andN as
indicated.
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upper right graph, the power amplitude profile att5150 ns is
exactly the same as the initial pulse. Even though there
position dependent frequency shifts due to the nonzeroN
parameter, there is no broadening because there is no di
sion. These position dependent frequency shifts do show
in the phase profiles in the lower right graph. The pha
profiles for the plus and minus values ofN follow the same
scenario as for the positive and negative values ofD. When
N is positive, the phase profile has a maximum atz50 and
negative curvature. WhenN is negative, the phase profile ha
a minimum atz50 and positive curvature.

V. PROFILES FOR DISPERSIVE NONLINEAR PULSES

The results presented above considered the effect
dispersion and the nonlinear response separately. Thes
sults suggest that soliton formation involves phase cha
compensation whenD andN have opposite signs. In order t
examine this possibility directly, it is necessary to solve
NLS equation with both dispersion and the nonlinear
sponse included in the analysis. When, however, bothD and
N are nonzero, it is not possible to obtain simple analyti
expressions for the time and space dependent amplitude
phase profile functionsm(z,t) and u(z,t), even for simple
input pulse functions. In such situations, the NLS equat
can best be solved numerically. This section presents s
representative results for this problem. These phase com
sation effects are demonstrated explicitly for Gauss
pulses. The numerical evaluations are done under the s
zero group velocity and zero damping conditions as e
ployed in Sec. IV, and the same choices forD and N are
used. Similar results are found for hyperbolic secant a
rectangular pulses.

The Fourier split step method used to solve the N
equation is described in Ref. 21. The method is implemen
by splitting the NLS equation into a linear and a nonline
part and introducing a discrete timetn5n•Dt, whereDt is a
time step parameter and the indexn controls the time span
for the simulation. For the calculations presented below,
step sizeDt was chosen to be 0.1 ns. For a given init
profile,u(z,t50), the linear part of the NLS equation can b
solved by discrete Fourier transform methods. The step
Dz which is used for this transform must be chosen in a w
that so-called aliasing effects is avoided and the resul
pulse shape in Fourier space accurately represents the o
nal u(z,t50) pulse in real space. For the results given b
low, Dz was taken as 0.0008 cm. The solution to the lin
part of the NLS equation is then used as an initial condit
to step forward the nonlinear part in time and obtain
solution att5Dt. This u(z,t5Dt) solution is then used a
an initial condition for the next linear step and so on. In th
way, the initial profileu(z,t50) can be stepped forward i
time to obtain a series ofu(z,tn) profiles which converge, in
principle, to some solutionu(z,t) at t5tn if Dt is chosen
small enough. TheDt value of 0.1 ns was found to be sma
enough to yield good convergence and still keep the com
tation time within practical limits for a standard person
computer. The numerical results were checked against
analytic solutions obtained in the previous section and for
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well known hyperbolic secant single soliton solution to t
NLS equation obtained from inverse scattering.22

Figure 5 shows the results of the numerical NLS eva
ations for a Gaussian input pulse. The format and layou
the figure is similar to that of Fig. 4. The top plots sho
reduced power amplitude as a function ofz for fixed t. The
bottom plots show the phase as a function ofz for fixed t.
All plots are based on a negative nonlinear response co
cient,N527.43109 rad/s. The left side plots under case~a!
are for a positive dispersion coefficientD513
3104 cm2/rad s, so that the Lighthill criterion for soliton
formation, DN,0 is satisfied. The right side plots unde
case~b! are forD5233104 cm2/rad s, so that the Lighthill
criterion is not satisfied. The Gaussian width parameter
the input pulses was kept atz050.021 cm. The output pro
files were all evaluated for a net time evolution of 150 n
and the group velocityng and the relaxation rateh were both
set to zero. These conditions all match the conditions use
Sec. IV. Calculations were done for three values of the in
pulse amplitudeu0 . The solid curves and the labels I, II, an
III for each graph in Fig. 5 designate the output profiles
u050.01,u050.021, andu050.035, respectively.

The situation when bothD and N are nonzero lead to
important differences for both power amplitude and pha
profiles which depend on the sign of theDN product. Con-

FIG. 5. The top left and right graphs show plots of reduced power amplit
vs positionz. The bottom left and right graphs show corresponding plots
phase vs positionz. All graphs are based on an initial Gaussian pulse
defined through Eq.~12! with z050.021 cm. The labels I, II, and III for the
solid curves in each graph designate output profiles foru050.01, u0

50.021, andu050.035, respectively. All curves are fort5150 ns. All
curves were obtained by numerical solution of the NLS equation with
group velocity and damping parametersng andh set to zero. All graphs are
for a nonlinear response coefficientN527.43109 rad/s. The amplitude
and phase plots in the left side graphs under case~a! are for D513
3104 cm2/rad s, such that the conditionDN,0 is satisfied. The amplitude
and phase plots in the right side graphs under~b! are for D523
3104 cm2/rad s, such that the conditionDN.0 is satisfied.
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sider the power amplitude profiles first. For case~a! and
DN,0, increasing values ofu0 result in an increase in th
amplitude of the propagated pulse, as expected. It also re
in a clear narrowing and steepening of the wave packet.
steepening and narrowing in the amplitude response g
hand in hand with the evolution in the phase profiles sho
in the lower left case~a! graph. The phase evolves from
dispersion dominated profile at I, to a compensated ph
profile over the pulse center at II, to a nonlinear respo
dominated profile at III. As will be shown in Sec. VI, phas
measurements show plateau regions over certain po
ranges for MSBVW pulses which indicate the formation
MME solitons.

Turn now to case~b! and theDN.0 situation. Here,
increasing values ofu0 also result in an increase in the am
plitude of the propagated pulse. However, these increa
initial amplitudes now result in increased broadening of
propagated signal as well. There is no steepening and
rowing of the sort which is in clear evidence from the ca
~a! power amplitude profiles. The accompanying phase p
files, moreover, do not change in character nor do they s
any compensation effect. The negative peaks and pos
curvature phase profiles simply become more and more
centuated. From the results of Sec. IV, this is to be expec
The negativeD and the negativeN both produce this type o
phase profile. The increase inu0 leads to an increase in th
nonlinear contribution to this phase response.

It is noteworthy that for case~a! in Fig. 5, even when the
amplitude is set properly as for II, the phase profile is co
stant only across the very center of the corresponding po
amplitude profile. This localized region of fixed phase
closely related to the choice of a Gaussian shape for the i
pulse. The tails of the Gaussian correspond to low am
tudes. In these tail regions, the phase character is domin
by the dispersion and is positive going. The negative go
phase peak character associated with negativeN is effective
in compensating the phase response only over the large
plitude region near the pulse center.

It is useful to contrast the results in Fig. 5 with resu
for an input pulse shape with the functional dependence
an hyperbolic secant. The hyperbolic secant functional fo
is known to provide an analytic solution to the NLS equati
in the limit h50.23 This occurs when the reduced amplitu
of the hyperbolic secant input pulse,u0 , is set equal to
@2 ln(&11)/G#AuD/Nu, whereG is the spatial half width of
the power amplitude@u(z,t)#2 profile. The reader may easil
verify that the corresponding order one soliton function,

us~z,t !5u0 sechFu0AUNDU~z2ngt !Ge1/2iu0
2Nt, ~19!

is an exact solution to Eq.~10! if h is set to zero. It is
important to emphasize that Eq.~19! is soliton specific. The
width of the soliton pulse is proportional toAuD/Nu/u0 ac-
cording to the form of Eq.~19!. Note that the soliton ampli-
tude functionus(z,t) has no spatial phase term. It does ha
a linear temporal phase.

The hyperbolic secant numerical simulations were do
for an unrestricted input profile function of the form,
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u~z,t50!5u0 sech~z/zh!, ~20!

where the parameterzh now controls the spatial width of the
initial profile independent of the amplitudeu0 . Simulations
were done for threeu0 values, one below, one above, an
one precisely at the critical amplitude for solitons implicit
Eq. ~19!. The width parameterzh was held fixed.

The amplitude and phase profiles for hyperbolic sec
pulses follow the basic scenario given above for the Gau
ian pulse. When the conditionDN,0 is satisfied, the phas
profile starts out as a positive going peak with negative c
vature whenu0 is small and becomes negative going wi
positive curvature whenu0 is large. The calculated phas
profile curves have the same basic appearance as the c
in the lower case~a! diagrams of Fig. 5, but with one differ
ence. If one chooses the particular soliton specific value
u0 which corresponds to the chosen width parameterzh in
order to calculate curve II, the phase change across the p
is precisely zero.

The final example to be considered in this section is
rectangular input pulse case. This is the case which is clo
to the experimental situation, since the input microwa
pulses used for typical MME soliton experiments are rect
gular pulses with widths in the 10–30 ns range:

Numerical analysis for rectangular input pulses show
same basic phase effect as the other shapes when the c
tion DN,0 is satisfied. Smallu0 values give positive going
phase profiles with negative curvature. Largeu0 values give
negative going phase profiles with positive curvature.
properly chosen intermediateu0 value gives a region of con
stant phase across the center region of the pulse. For
rectangular pulse, this center region is wider than for
Gaussian example but does not extend over the entire po
amplitude profile as found for the hyperbolic secant sha
This evolution in phase profiles is accompanied by a p
nounced steepening and narrowing of the power amplit
profiles, as for the other cases. The specific response cu
are similar in nature to those shown in Fig. 5.

The above results demonstrate the effect of phase cha
compensation when the Lighthill criterion is satisfied, a
the steepening and narrowing of the amplitude profiles wh
accompanies this phase compensation. The analysis so
however, has been purely theoretical and somewhat id
ized. Keep in mind that the amplitude and phase profi
were obtained only in the limit of zero damping and f
stationary pulses. The next section will present experime
results for MSBVW and MSSW pulses which demonstra
the phase compensation effects shown above.

VI. EXPERIMENTAL PROFILES AND PHASE
COMPENSATION

The purpose of this section is to demonstrate the ph
compensation effects presented above with actual M
pulse data. The measurement procedures are discuss
detail in the references cited above. This section will foc
on two types of MME pulse measurements which parallel
previous discussion,~i! the MSBVW case for which the
Lighthill criterion is satisfied and MME bright solitons ar
obtained at sufficient input power levels, and~ii ! the MSSW
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case for which the Lighthill criterion is not satisfied an
bright solitons are not obtained. Many of the details co
tained in the earlier MME soliton references are omitt
here. The focus is on the experimental phase profiles
these bright pulse situations and the correlation with theo

Typical experiments involve rectangular temporal inp
pulses applied to an input transducer and temporal ou
pulses detected at an output transducer. The experime
results, therefore, consist of plots of power and phase ve
time rather than position. The time scales are also shif
since these real pulses propagate at a specific group vel
which is controlled by the experimental conditions. Typic
arrival times at the output transducer, relative to the lau
time, are in the 100–200 ns range.

Figure 6 shows a series of four power profiles and ph
profiles for MSBVW pulses generated at the output ante
of a transducer structure of the type shown in Fig. 1. T
YIG film was 7.2mm thick. The carrier frequency was 5.
GHz and the in-plane static external magnetic field w
1.343 kOe. The input pulse width was 10 ns. The propa
tion distance from launch was 4 mm. The peak input pow
are increasing from graphs~a!–~d! and had the values indi
cated. The power and phase profiles are indicated by da
lines and the solid lines, respectively.

The data in Fig. 6 follow the scenario established in
previous sections. Recall that the dispersion coefficientD is
positive for MSBVW signals, the nonlinear response coe

FIG. 6. Experimental phase and power profiles for a MSBVW signal
tected at the output of a transducer structure of the sort shown in Fig. 1.
solid lines show phase and the dashed lines show power. The input
width was 10 ns and the carrier frequency was 5.8 GHz. Graphs~a!–~d! are
for increasing values of the input power as indicated.
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cient N is negative, and the Lighthill criterion is satisfie
Solitons are expected.

For the lowest power level situation in graph~a!, the
output power pulse profile is accompanied by a phase pro
which has a positive going peak and negative curvature. T
phase profile is not as pronounced as the simulations in
last section, presumably due to the presence of damping
the power level is increased and one moves up to graph~b!
and then to graph~c! and graph~d!, the flattening out of the
phase response is clear. Here too, the effect is not as
nounced as shown by the basic decay free narrow p
simulations of the last section. The phase compensation
increasing power is clear, nevertheless.

The relatively short input 10 ns pulse width for the da
in Fig. 6 was needed to bring out the dispersion domina
phase response at low powers. In order to accentuate, th
phase response is realized in the soliton regime. Similar d
were obtained for a wider input pulse width of 26 ns. The
data are shown in Fig. 7. The details were not exactly
same as for the Fig. 6 data. The same 7.2-mm-thick film was
used. In this case, however, the carrier frequency was

-
he
lse

FIG. 7. Experimental phase and power profiles for a MSBVW signal
tected at the output of a transducer structure of the sort shown in Fig. 1.
YIG film thickness was 7.2mm. The solid curves show phase and th
dashed curves show power. The input pulse width was 26 ns, the ca
frequency was 5.0 GHz, and the static field was 1.088 kOe. Graphs~a!–~d!
are for increasing values of the input power as indicated.
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GHz and the static field was 1.088 kOe. The format of
figure is the same as for Fig. 6. Graphs~a!–~d! are for in-
creasing values of the input power. The solid lines show
phase profiles and the dashed lines show the compa
power profiles.

It is clear that the power profile in the bottom graph
Fig. 7 is broader than the rest. This is one indication tha
soliton has not formed. The phase profile is irregular and
not particularly indicative of the expected dispersion dom
nated phase character. This is a result of the significa
wider input pulse width of 26 ns, relative to the experimen
situation for Fig. 8 or the simulations in Sec. V.

Graph~b!, for an input power of 0.25 W, shows a pow
profile which has narrowed and steepened considerably.
profile is accompanied by a phase profile which shows a
response over the center portion of the power profile. Both
these effects provide indications of soliton formation. T
flat phase response is in accord with the results of Sec. V
is also important to note the pronounced shoulder on
right side of the power profile. This shoulder is the beginn
of a second peak associated with an order two soliton.

Graph~c! in Fig. 7 shows an intermediate response p
file which is clearly above the order one soliton thresho
The power profile for the main peak has about the sa
width as in~b! and the amplitude has not increased, in sp
of the factor of three increase in the input power. The ad
tional energy is manifested in the second peak which
evolved from the shoulder noted above. The phase profi

FIG. 8. Experimental phase and power profiles for a MSSW signal dete
at the output of a transducer structure of the sort shown in Fig. 1, but
the in-plane magnetic fieldH perpendicular to the MSSW propagation d
rection. The YIG film thickness was 4.8mm. The solid curves show phas
and the dashed curves show power. The input pulse width was 10 ns
carrier frequency was 5.1 GHz, and the static field was 1.070 kOe. Gr
~a!–~d! are for increasing values of the input power as indicated.
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concave downward for the main peak and concave upw
for the second smaller peak.

Graph ~d! is for the highest peak power level used f
these measurements. Both peaks now appear to have s
lized. The phase profile curve is particularly interesting he
The flat response region across the main peak has retu
and asecondflat region across the second smaller peak
formed. Graph~d! provides a striking demonstration of th
zero phase change effect in the context of a multisoli
response.

As a last experimental example, consider the case
MSSW pulse propagation. Here, the Lighthill criterion is n
satisfied and one expects to see phase profiles of the
shown in the lower right graphs of Fig. 5. Some represen
tive MSSW data are shown in Fig. 8. The configuration w
the same as shown in Fig. 1, except that the in-plane s
magnetic fieldH was perpendicular to the propagation dire
tion. The film thickness for these data was 4.8mm. The
carrier frequency was 5.1 GHz and the static field was 1.
kOe. The format of the figure is the same as for Figs. 6 a
7. Graphs~a!–~d! are for increasing values of the inpu
power. The solid lines show the phase profiles and
dashed lines show the corresponding power profiles.

The same basic amplitude character is evident from
four graphs in Fig. 8. Apart from some additional structu
on the envelope, there is no significant change in shap
the power is increased. At the same time, the same b
phase character is evident from all the graphs. All ph
profiles show negative going peaks and are concave upw
The overall size of the phase change across the pulse
creases somewhat with power. Just as the data of the p
ous two figures demonstrate phase compensation for so
formation when the Lighthill criterion is satisfied, the data
Fig. 8 demonstrate the lack of such compensation and
soliton formation when this condition is not satisfied.

VII. SUMMARY AND CONCLUSION

The effects of dispersion and the nonlinear response
been examined both analytically and numerically, based
the formalism of the nonlinear Schro¨dinger equation and
propagation parameter values which correspond to mic
wave magnetic envelope wave packets formed from mag
tostatic backward volume waves and magnetostatic sur
waves. When these effects are considered separately,
lead to phase profiles which suggest the possibility of co
pensation. That is, positive values of eitherD or N yield
positive going peaks with negative curvature, while negat
values yield negative going peaks with positive curvature

When bothD andN are nonzero, one does obtain pha
compensation at particular values of the pulse amplitu
when these parameters are of opposite sign. This phase
pensation when the conditionDN,0 is satisfied provides a
new perspective on the criteria for MME soliton identific
tion and the Lighthill criterion. The compensation effect
demonstrated for Gaussian, hyperbolic secant, and recta
lar pulse shapes. These theoretical results are supporte
measurements on MSBVW and MSSW pulse signals.
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