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Modeling of the power-dependent velocity of microwave magnetic envelope
solitons in thin films
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Recently obtained single soliton solutions to the nonlinear Schro¨dinger equation with additional
higher order nonlinear and dispersion terms have been used to model the properties of microwave
magnetic envelope solitons in thin films and, in particular, the recently observed power-dependent
soliton velocity in these films. The modeling is based on an empirical scaling between the
dimensionless amplitude parameters in the higher order nonlinear Schro¨dinger ~HONLS! equation
and the pulse power levels in the experiment. Based on this scaling, the amplitude-dependent soliton
velocity from the HONLS equation solution is shown to match the velocity versus power response
from the experiment. ©1999 American Institute of Physics.@S0021-8979~99!01112-3#
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I. INTRODUCTION

It is now well established that yttrium iron garnet~YIG!
films can support microwave magnetic envelope~MME!
solitons. These structures are produced in magnetized
films at a microstrip antenna fastened to the film. An amp
tude modulated microwave frequency input pulse is launc
at the input antenna and it is detected at a second anten
few millimeters from the first. As the pulse propagates b
tween the two antennas it evolves into a soliton, which i
nonlinear pulse that propagates with no change in sh
Such soliton excitations have been generated, propag
and collided in YIG films for various external field orienta
tions and surface pinning conditions.1–6 The nonlinear
Schrödinger ~NLS! equation7,8 has been used to model th
decay properties6 and both pulse profiles and the pow
response9 with good accuracy.

However, one critical problem between theory and e
periment remains. This concerns the recently obser
power-dependent MME soliton velocity.10 The data show a
small but significant increase in the soliton velocity from t
usual low power magnetostatic wave~MSW! group velocity
with increasing power. In contrast, the hyperbolic secant
der one soliton solution to the NLS equation has an arbitr
but amplitude-independent velocity. For the pulse shape
power response modeling in Ref. 9, this velocity was se
the MSW group velocity. Although there appears to be so
connection between velocity plateaus as a function of po
and modulational instability processes,10 there has been no
real physical explanation of the observed power respons
the soliton velocity.

This article describes recent work to improve the mo
eling of this velocity response for MME solitons. The im
provement has been achieved through the use of a hi
order nonlinear Schro¨dinger ~HONLS! equation which con-
tains third order and nonlinear dispersion terms, and thro
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the exact order one soliton solutions to this equation repo
by Gedalinet al.11 A remarkable feature of this new solutio
is a dependence of the HONLS solitary wave velocity on
solitary wave amplitude. This new solution, moreover, a
pears to model the MME soliton velocity data from Ref. 1
quite well.

II. THE HONLS EQUATION

The HONLS equation in Ref. 11 for an wave pack
envelope response functionf(z,t) may be written in the
form

if t1
D2

2
fzz2Nufu2f2 i FD3

6
fzzz2Q~ ufu2f!zG50.

~1!

The f parameter denotes the amplitude of thef(z,t) re-
sponse function at a given positionz and timet, where thez
coordinate is measured in a reference frame which mo
with the usual low power limit group velocityvg . In the
context of MME solitons, the complexf(z,t) response func-
tion is usually taken to represent the dynamic magnetiza
response normalized to the static saturation magnetizatioM.
For the present purposes, the convention of Ref. 3, will
adopted.

The t andz subscripts in Eq.~1! denote partial differen-
tiation with respect to time and position, respectively. T
if t , D2fzz/2, andNufu2f terms constitute the usual nonlin
ear Schro¨dinger equation, withD2 as the linear dispersion
parameter andN as the nonlinear frequency response para
eter. The higher order terms are contained in the squ
bracket expression on the left side of Eq.~1!. TheD3 param-
eter is a third order linear dispersion coefficient andQ de-
notes a nonlinear dispersion parameter.

The various terms in Eq.~1! can be obtained from the
method of envelopes12 and the nonlinear spin wave dispe
sion relation. The coefficients of the various terms, so
tained, are
7 © 1999 American Institute of Physics
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Dn5
]nvk

]kn , ~2!

N5
]vk

]ufu2
, ~3!

and

Q5
]N

]k
. ~4!

The spin wave frequencyvk is taken to be a function of both
the spin wave numberk and the amplitudef according to
v5v(k,ufu2). In order to obtain the operational paramete
for Eq. ~1!, the derivatives in Eqs.~2! through~4! are evalu-
ated at the operating point wave numberk0 and frequency
v0 of interest, and atufu250. These evaluations depen
on the specific nature of the magnetic excitation un
consideration.

The above equations yield a solitary wave single pu
solution given by11

f~z,t !5f0 cosh21@af0~z2vst !#e
i ~kz2Vt !, ~5!

wheref0 is the pulse amplitude. The other as yet undefin
parameters in Eq.~5! are given by

a5A2
3Q

D3
, ~6!

k5
N

2Q
2

3D2

2D3
, ~7!

vs5D2kS 11
D3k

2D2
D1

Q

2
f0

2, ~8!

and

V5
k2

2 S D21
D3k

3 D1
QD3

12D2
2 S 11

D3k

D2
Df0

2. ~9!

Note thatf(z,t) represents the complex envelope functi
for the MME wave packet and contains no carrier respon
This means that thek and V parameters in the comple
exponential of Eq.~5! correspond to wave number and fr
quency deviations from the operating point carrier wa
numberk0 and carrier frequencyv0 , respectively. Note also
that only the shape of the complex envelope,f(z,t), the
amplitudef0 , and the solitary wave velocityvs are acces-
sible in conventional MME pulse experiments.

The important theoretical result for the present purpo
is the velocity expression of Eq.~8! and, in particular, the
dependence of the soliton velocity onf0

2. Sincef0
2 scales

with power, Eq.~8! predicts a power-dependent soliton v
locity. It is this result which makes possible a direct conn
tion with the recent experimental discovery of a pow
dependent MME soliton velocity.10 Keep in mind that Eq.
~8! gives the solitary wave velocity in a reference fram
which is moving at the low power limit group velocityvg ,
so that the velocity given in Eq.~8! represents the additiona
velocity of the wave packet imposed by the HONLS equ
s
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tion. As will be shown shortly, the predictedf0
2 velocity

response in Eq.~8! matches the experimental results qu
well.

It is important to note that the HONLS equation is mu
more complicated than the NLS equation and that the s
tion of Eq. ~5! does not go over to the hyperbolic seca
single soliton solution to the NLS equation in the limitQ
→0 andD3→0. Moreover, the well-known Lighthill criteria
for solitons which applies to the NLS equation,N•D2,0,
does not appear explicitly in the HONLS analysis. As a p
cursor to further work with the HONLS equation as a po
sible model for real solitons, it will be important for thes
issues to be addressed.

III. MME SOLITON DATA

The basic MME soliton experiment has been describ
previously3–6 and the details will not be repeated here. T
data presented below are on~a! peak output power versu
peak input power for MME pulses over a range of powe
from well below the single soliton threshold to somewh
above that threshold, and~b! MME pulse velocity versus
input peak power over the same range. These particular
were obtained for a 15.7mm thick YIG film. Peak input
power levels up to about 1 W, as measured at the in
transducer port, were possible.

The data were obtained with the YIG film strip oriente
in the external magnetic field such that the magnetizat
was parallel to the film plane, and the pulse propagat
direction was parallel to the field. For the case of unpinn
surface spins, this is referred to as the magnetostatic b
ward volume wave~MSBVW! configuration. In this particu-
lar experiment, an external static magnetic field of 1150 O
a carrier frequency of 5 GHz, and 13 ns wide input puls
were used. The MSBVW operating point wave number
the above setup was about 200 rad/cm. The pulse velo
was obtained for pulses propagated over a distance of 6
between input and output microstrip antennas in a stand
MSBVW transducer structure.

Under the above conditions, the nominal propagat
time for the MME pulse from input to output was about 10
ns. This propagation time was comparable to the nom
relaxation time for the 5 GHz excitations in the YIG. It wi
be important to take this decay into account in comparing
HONLS prediction with experiment.

Figure 1 shows soliton output power versus input pow
characteristics. The solid circles in Fig. 1 show typical d
for the output peak power as a function of the input pe
power. These data show that the response is linear up
nominal peak input power of about 0.2 W. For higher po
ers, the response is nonlinear. The three anomalous point
input powers above one watt or so are related to the onse
higher order soliton effects. The solid line shows a polyn
mial fit to the data with these points excluded.

While there is no clear break in the data to show
abrupt nonlinear onset, the change from the linear to a n
linear response due to the beginning of the soliton format
process is clearly evident.6 The power threshold for the be
ginning of this process will be set at 0.2 W, as indicated
the vertical down pointing arrow labeledPth in Fig. 1.
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Figure 2 shows MSBVW soliton velocity versus pow
response characteristics. The solid circles show the velo
data for the experimental conditions given above. The s
crosses show results from the HONLS analysis to be
cussed in the next section. The solid and dashed lines s
polynomial fits to the HONLS analysis cross points and
solid circle data, respectively. These lines are intended
serve as a guide to the eye only. The nominal input po
threshold point atPth50.2 W from Fig. 1 is also indicated.

The data in Fig. 2 show the basic experimental eff
which is the subject of this work, a soliton velocity whic
increases with input power. For the experiment at hand,
velocity at low power, to be denoted asv th , is about 6.47
cm/ms. It is important to note that the power response d
not constitute a large effect. The data show a change in
locity over the available range of powers of about 3%–4
similar to the results in Ref. 10.

IV. HONLS EQUATION VELOCITY ANALYSIS

The HONLS equation and the analytical single solit
solution were used to obtain the solid cross results in Fig
The HONLS analysis is based on two assumptions relate
the solitary wave amplitude parameterf0 and the peak pow-

FIG. 1. Output peak power vs input peak power for MSBVW pulse pro
gation in a 15.7mm thick yttrium iron garnet film. The in-plane stati
magnetic field parallel to the propagation direction was 1150 Oe, the mi
wave carrier frequency was 5 GHz, the input pulse width was 13 ns, and
transducer separation was 6 mm. The solid circles show the data. The
line shows a polynomial fit to the data, with the three anomalous high po
points excluded. The arrow labeledPth denotes the approximate thresho
input peak power for the beginning of soliton formation.

FIG. 2. Velocity as a function of input peak power for the MSBVW pul
propagation experiments. The solid circles show the data. The solid cro
show the HONLS results. The dashed and solid lines show polynomia
to the data and the HONLS results, respectively. The arrow labeledPth

denotes the approximate threshold input peak power for the beginnin
soliton formation.
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ers from the soliton measurements. First, it is assumed
the square of the solitary pulse amplitude in the HON
solution, f0

2, for any real microwave pulse detected at t
output transducer in the experiment scales linearly with
measured output peak powerPout. This linear connection
may be written as

fout
2 5APout, ~10!

wherefout is the value off0 for the solitary wave pulse a
the output antenna andA is a calibration factor.

Note that the value off0 right after launch at the inpu
antenna will typically be much larger thanfout. Depending
on the applicable decay rate for the nonlinear pulse, the
tial value of f0 just after the soliton is formed may b
greater thanfout by a factor ofe1h0t0 to e12h0t0, whereh0

is the relaxation rate for the propagating MSBVW signals
the film and t0 is the propagation time. Thee1h0t0 factor
applies to linear signals and thee12h0t0 applies to solitons.
Both factors are based on a soliton which is formed instan
at the input antenna. In actuality, the steepening and narr
ing which leads to the soliton formation occurs over an a
preciable portion of the propagation time, depending on
input power. These considerations are discussed in deta
Refs. 5 and 6.

For simplicity, the analysis below will use thee12h0t0

soliton factor. For the experiments here, low power measu
ments yielded a decay rateh0 of 9.63106 rad/s. The 6 mm
propagation distance and the measured velocity of
3106 cm/s give anh0t0 product of 0.89 which is close to
unity. This means thanf0

2 can vary by as much ase4 from
input to output. It will be necessary to take this variation in
account in the evaluation of the HONLS velocity for com
parison with experiment.

The coupling parameterA in Eq. ~10! depends on many
factors, including the antenna design, the MSBVW carr
properties, impedance considerations, etc. Note, howe
that uf(z,t)u corresponds to the normalized dynamic magn
tization umW (z,t)u/&M . From the extensive MME soliton
work cited above, it is known that the peak value ofumW (z,t)u
for solitons ranges from about 1% to 10% ofM, so thatf0 is
in the range 1022– 1021. This will be an important consid-
eration in the fits to experiment.

For the second assumption, in the spirit of the data
Fig. 1, one takes the connection between the input p
powerPin and the output peak powerPout to be nonlinear for
input power levels abovePth . For the present purposes, th
Pout vs Pth connection will be expressed as

Pout5C~Pin!Pin . ~11!

The response functionC(Pin) is readily accessible from the
experiment. This function may be obtained on a numeric
point-by-point basis, for example, directly from the data
Fig. 1. These considerations, in combination with thePth

threshold power point identified in Fig. 1 and the belo
threshold velocityv th , are all that is needed to generate th
oretical velocity versus input power curves from the HONL
analysis for comparison with experiment.

Turn now to the soliton velocity data and the HONL
response from Eq.~8!. Keep in mind that Eq.~8! is for the
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solitary wave velocity in a frame of reference which is mo
ing at the group velocity. The power dependence of this
locity is related only to the12Qf0

2 term. The first term on the
right hand side of Eq.~8! is independent off0

2 and contrib-
utes only to a possible shift in the low power limit veloci
of the pulse fromvg to v th . Furthermore, and as discuss
above, the amplitudef0 is decreasing as the pulse prop
gates from input to output with an exponential decay r
which is somewhere between the linear decay rateh0 and the
soliton decay rate 2h0 . For purposes of analysis, the solito
decay rate will be assumed. In this context, Eq.~8! may be
integrated and combined with Eqs.~10! and~11! to obtain a
theoretical expression for the power dependent average
ton velocity in the laboratory reference frame,vs

(L) . The re-
sult may be written as

vs
~L !5v th1A

Q

2
C~Pth!PthS C~Pin!Pin

C~Pth!Pth
DF~h0t0!. ~12!

F~h0t0!5
1

4h0t0
~e4h0t021!. ~13!

The F(h0t0) factor in the second term of Eq.~12! takes
decay into account. In the decay freeh050 limit, the F
factor reduces to unity. In a typical MME soliton experime
and as noted above, the conditionh0t0'1 is more the case
That is, the propagation time and the decay time are ab
the same, and in the 100 ns range. Thish0t0'1 approxima-
tion yields anF value of 13.6. This factor will be an impor
tant consideration in fitting Eq.~12! to the data of Fig. 2.

Apart from theF factor, the power-dependent term
Eq. ~12! contains three parameters,A, Q, andPth , along with
the empirical response functionC(Pin), the threshold value
C(Pth), and the input power variablePin . The nonlinearQ
parameter may be evaluated from nonlinear MSBVW the
as outlined below. ThePth threshold and theC(Pin) response
function derive from the experimental power response d
Equation ~12!, therefore, provides a direct connection b
tween the velocity data and the HONLS theory, with a sin
adjustable parameterA. As noted above, acceptable values
A, moreover, must be consistent with established limits
f0

2, which is expected to be in the range 1024– 1022.
Recall that theQ parameter is simply the derivative o

the nonlinear frequency response parameterN with respect to
the wave numberk. TheQ parameter may be readily evalu
ated from thek-dependent nonlinear response functionN(k).
Following the analysis of Ref. 7, one may evaluateN for
in-plane magnetized films in thek50 limit by writing the
ferromagnetic resonance frequency asvFMR5$H@H
14pM (12ufu2)#%1/2 and taking N as the derivative of
vFMR with respect toufu2. In order to evaluateQ, however,
one needs a k-dependent N function. Slavin and
Rojdestvensky13 have obtained such anN(k) with the same
basic form as the Ref. 7 result, but with the magnetizationM
replaced byM @12P(k)#, whereP(k) is given by

P~k!512
1

kL
~12e2kL!. ~14!

The L parameter in Eq.~14! denotes the film thickness. Th
resultingN(k) is given by
-

e

li-

t

ut

y

a.
-
e
f
n

N~k!5
ugu4pMH@12P~k!#

2AH$H14pM @12P~k!#%
, ~15!

where ugu'1.763107 rad/Oe s is the absolute value of th
gyromagnetic ratio, 4pM'1750 G is the saturation induc
tion for YIG, H is external magnetic field, andL is the film
thickness. The numerical evaluation ofN andQ for the ex-
perimental parameters cited above yields values of28.7
3109 rad/s and 4.63106 cm/s, respectively. These same va
ues may be obtained from numerical analysis of the M
BVW dispersion with the saturation magnetizationM re-
placed byM (12ufu2).

V. VELOCITY FITS FROM THE HONLS EQUATION
ANALYTICAL SOLUTION

The working equations and procedures given abo
yield a soliton velocity which depends on the input pe
power as specified in Eq.~12! with a single fitting parameter
the calibration factorA which connectsPout with fout. The
solid cross points in Fig. 2 show the predicted velocity v
sus power response based on Eq.~12! and anA value of 0.15
W21. The fit is quite reasonable.

For values of the input peak power in Fig. 1 from 0.2
0.8 W, the correspondingPout values range from about 3 t
17 mW. For A50.15 W21, the correspondingfout values
range from about 231022 to 531022. Thesefout values
are well within the range applicable to solitons. If these a
plitudes are taken to be on the order of 1/e of the amplitudes
at the input antenna, the corresponding range of input am
tudes is from about 531022 to 1331022. Thesef0 values
are also within the range applicable to solitons. The value
the coupling parameterA needed to fit the HONLS result to
experiment appears, therefore, to be reasonable.

It is important to keep in mind that theF(h0t0) decay
factor and the use of a soliton decay rate of 2h0 is critical to
the realization of the physically acceptablef0 values which
accompany the fit results given above. If this factor is
nored, the calibration factorA needed to fit the data must b
over an order of magnitude larger than obtained above
this translates into unacceptably largef0 values. If one re-
tains theF(h0t0) factor but uses the linear delay rateh0 ,
thenA is somewhat larger than given above and the impl
f0 values are marginal at best.

The simple decay analysis used here, moreover, does
account for the soliton formation processes or the convers
between soliton and nonsoliton propagation characteris
during propagation. In view of these complications, the b
one can say is that the HONLS analysis appears to be
sistent with the observed power dependent soliton veloc

Further support of the above results was obtain
through a numerical analysis of MME pulse propagati
based on the HONLS equation but with damping includ
The procedure was the same as outlined in Ref. 9, except
bandpass filtering of the output pulse profiles was not us
This analysis yielded numerical data which correspond to
experimental results in Figs. 1 and 2. The numerical out
versus input power response curves were in the form off

out

2

vs f in
2 profiles, wheref in

2 is the square of the reduced am
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plitude of a 13 ns rectangular input pulse. With appropri
scaling, these profiles had the same shape as the profil
Fig. 1. This scaling could then be used to compute velo
response curves for comparison with the data and
HONLS equation analytical results in Fig. 2. These nume
cal velocity results were very close to the results shown
Fig. 2.
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